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Abstract. According to the disk accretion model theory of Shakura and Sunyayev
(1973), accretion disk surrounding the spinning astronomical compact objects (BH,
NS) consists of fluid rings obeying the Keplerian motions. Therefore, as we approach
the center of compact objects, angular momentum drops, but angular velocity and
hence the dissipative heat and accretion rate grow. As a result, the shape of the
accretion disk puffs up (gets thicker) near the surface of the spinning-compact objects.
We, therefore, explore the geometry of this thick inner portion of the accretion disk
in the context of Mukhopadhyyays Pseudo Newtonian potential approximation for full
General Theory of Relativity.
1. Motivation and objective
Accretion flow refers to the inflow of dust and gas into compact objects(White Dwarfs,
Neutron stars, and Blackholes). To be more specific, as the dust and gas flow into
the compact objects, their temperature rises due to the presence of frictions associated
with the viscosity and as a result the black body radiation takes place. The black body
radiation, in turn, generates electromagnetic wave which leads to the luminosity of the
compact objects which are, by definition, non-luminous. In this manner the compact
objects or other weakly illuminating heavenly bodies could be observed. The electro-
magnetic wave of this sort is mostly the x-ray for which the best known example is the
x-ray binary. To summarize, therefore, we need to study the accretion process in detail
in order to fully understand the observations of non-luminous or weakly illuminating
objects stated about. Generally speaking, among the main sequence stars, massive ones
(M ' 3M) eventually evolve into black holes, they end up having strong magnetic
field as a consequence of collapse which preserves progenitor stars magnetic flux that
shrinks during the process of this collapse. The neutron star which is an end point of
supernovae explosion is one such example stated about(B ∼ 1012G). The process we
just described about shows that the accretion process may involve the electromagnetic
effect in addition to the gravity and hydro dynamics in order to represent the accretion
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disk. Therefore, aside from gravity, the electromagnetic field and hydro dynamics claim
the major role in the accretion process. Along this line, one can define the black hole
magnetosphere in the following manner. Inside the surface of magneto- sphere, magnetic
pressure is greater than the gas pressure and the other way around is the case outside the
surface of magnetosphere. In the present work, we explored the effect of electromagnetic
field in addition to the effects of gravity and hydro dynamics on the accretion flow. The
standard model for accretion disk is the Shakura-Sunyaev model for accretion disk which
assumes the thin accretion disk. In reality, however, as we approach the black hole
this Shakura-Sunyaevs thin disk model may breakdown due to the following reason.
Careful study of the shape of gravitational potential and the self radiation pressure
of the accretion disk reveals that there is a reason where accretion inflow into it is
greater than the amount of flow falling down to the black hole. As a result, in this
region, the accretion disk puffs up and remarkably deviates from the standard Shakura-
Sunyaev model. Sometime ago B. Paczynsky and P. J. Witta actually studied such
phenomenon for non-rotating black hole case using the Pseudo- Newtonian potential for
Schwarzschild black hole. In space, however, all the heavenly bodies including the black
hole are spinning. Therefore, the original work of Paczynsky and Witta stated about
has to be revised for the case of spinning Kerr black hole which possesses mass and
the angular momentum. The Pseudo-Newtonian potential for this spinning Kerr black
hole has been developed by B. Mukhopadhyay(2002). Therefore in the present work
we explore the thick portion of the accretion disk around the spinning Kerr black hole
by following the approach taken by Paczynsky and Witta, but in a new environment
that employs B. Muchopadhyays Pseudo-Newtonian potential instead of Paczynsky and
Wittas Pseudo-Newtonian potential for non-spinning Schwarzschild black hole case.
2. Strategy and underlying theory
2.1. Pseudo-Newtonian potential
In principle, in order to understand the motion nearby the black holes demands em-
ploying the general theory of relativity. When we deal with a number of objects the
rigorous general relativistic treatment demands much too computations and therefore
is not practical. In the present work, therefore, we will employ the so-called Pseudo-
Newtonian potential which involves relativistic effects on the Newtonian gravitational
potential. For the case of non-spinning black holes, the Pseudo-Newtonian potential is
known as the Paczynski-Witta potential given by(1)
V (r) =
GM
r − 2GM (1)
For the case of spinning black holes, meanwhile, the Pseudo-Newtonian potential is non-
spinning spinning uncharged Schwarzschild black hole Kerr black hole charged Reissner
-Nordstrom black hole KerrNewman black hole known as the Mukhopadiyay potential
given by (2).
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Vx =
a2
2x2
+
4a√
x
+
2(9a3x− 10ax+ 13√x− 13a2√x+ 6a3 − 8a)
(27a2 − 32)(x3/2 − 2√x+ a) − 2 log x+
2
27a2 − 32∑
y=x1,x2,x3
[
1
3y2 − 2 log (
√
x− y)(54a2y2 − 64y2 + 63a3y − 74ay − 107a2 + 128)
(where) x1 =
24/3
p
+
p
21/33
, x2 = −(2
1/3q
p
+
pq∗
21/36
), x3 = x+ 2
∗,
p = (
√
729a2 − 864− 27a)1/3, q = (1 + i
√
3). (2)
Where ‘a’ refers to zero or one and zero corresponds to the Paczynski-Witta potential.
2.2. The vertical structure of thick portion of accretion disk
Due to the frictional force coming from viscosity, the differential rotation of layers at
the inner part of the accretion disk produces outward the radiation. As a result, the gas
and dust particles falling into the black hole experience this out going radiations. This
resistance against on fooling gas and dust particle leads to the buildup of thick portions
at the inner part of the accretion disk.This thick portion at the inner part is completely
different from the rest of the thin accretion disk. Therefore, in the present work we
will employ the work by Paczynsky and Witta that has been published in A&A back in
1980.According to the work of Paczynsky and Witta, the pseudo Newtonian potential
for Schwarzschild Blackholes is given by V (r) = − GM
r−rg , where rg = 2GM. by realizing
that the height of the thick of the disk is negligible compare to the radial size of the
disk. This pseudo Newtonian potential can be safely apprecate by
V0(r) = V ((r
2 + z20)
1/2). (3)
In order to make our computation tractableR ≡ (r2+z2)1/2, where the effective potential
that involves the presence of centrifugal force is given by (4)
Veff~r = V)(r~r)−
∫ ∞
r
r′[ω(r′)]2dr′. (4)
From which we can read off the gravitational accretion (force per unit mass) ~geff−∇Veff .
We now assume that the tick portion of the accretion disk is at its equilibrium state
to maintain its shape. This assumption then demands that the surface of the accretion
disk is on the equipotential plane which is orthogonal to the gravitational acceleration.
The situation we just stated above can be represented by the following equation.
0 = dVeff = d[V0 −
∫
rω2dr] = (
dV0
dr
− rω2) + (dV0
dz
)dz
∴ dz
dr
= (rω − dV0
dr
)(
dV0
dz
)−1 (5)
In this equation (5), we have, after some algebra,
dV0
dr
=
GM
(R− rg)2 ·
r
R
,
dV0
dz
=
GM
(R− rg)2 ·
z
R
(6)
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Where R ≡ (r2 + z2)1/2. Next by expending dz/dr, we have
dz
dr
=
r
z
[
ω
GM
R(R− rg)2 − 1]. (7)
In order to solve this differential equation, we first rewrite in a closed form
2zdz
2rdr
+ 1 =
ω2
GM
R(R− rg)2
∴ dR
2
dr2
=
ω2
GM
R(R− rg)2. (8)
Where l donates rω2 nd it is the angular momentum per unit mass (specific angular
momentum) This equation (8) represent the thickness of the thick portions of the
accretion disk. For the present case of the thick portion of the accretion disk. We
need to exercise some caution. That is unlike the ordinary thin accretion disk, ω may
not denote the angular frequency for Keplerian motion, therefore omega may depart
from the simple Keplerian angular velocity. Remember that up until this point we have
consider the case for non rotating Schwarzschild Blackholes. Also recall that in the
present work we dire with the case for the rotating Kerr black hole. The rotating Kerr
black hole version of the pseudo Newtonian potential has been by Mukopadhyay back in
2002. Therefore in the context of Mukopadhyay pseudoNewtonian potential , we have
dV0
dr
=
1
G2M2
r
X
(
dV0
dX
,
V0
dz
=
1
G2M2
z
X
(
dV0
dX
) (9)
Upon substituting, these two equations about in to (4) we now have (9)
dz
dr
= (rω2 − dV0
dr
)(
dV0
dz
)−1
=
r
z
[G2M2ω2X(
dV0
dX
)−1 − 1]
2zdz
2rdr
+ 1 = G2M2ω2X(
dV0
dX
)−1
∴ dX
2
dr2
= ω2X(
dV0
dX
)−1. (10)
Now we have all the data that describe the thick portion of the accretion disk around
black hole. Finally, in order to plot its shape we have to make use of numerical approach
by rely on the computer work
2.3. The radiation and luminosity of the thick portion of the accretion disk
by referring to the Pacynsky-Witta model. In principle the power per unit area Frad is
given by
Frad =
c
κ
geff . (11)
where geff denotes the acceleration, c denotes the light speed, and κ denotes the opacity
per unit mass in CGS(Gaussian)unit. Next, the surface element (dσ) for the integration
to compute the luminosity of the thick portion of the accretion disk,
cos θ =
dr√
dr2 + dz2 = [1 + (dz
dr
)2][ − 1/2 (12)
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In cylindrical coordinate systems,
dσ(rdΦ)(sec θdr) = r[1 + (
dz
dr
)2]1/2dΦdr (13)
Where geff = | − ∇Veff |, the vertical acceleration is gz = ∂V0/∂z, and geff cos θ = gz.
Lastly put in the expresses for Feff and cos θtogether Fradis given by (14)
Frad =
c
κ
∂V0
∂z
[1 + (
dz
dr
)2]1/2 (14)
By which the luminosity of the thick portion can be computed as
Frad =
c
κ
∂V0
∂z
[1 + (
dz
dr
)2]1/2 =
4pic
κ
∫ rt
r0
r
∂V0
∂z
[1 + (
dz
dr
)2]dz (15)
Lastly, by substituting dz/dr and ∂V0/∂z in to this equation about, finally we get
Lrad =
4picGM
κ
∫ rt
r0
[
l4R
G2M2zr5
(R− rg)2 − 2l
2
GMzr
+
rR
z(R− r2g)
]dr
= LEdd · Is(r0, rt) (16)
Here, LEdd = 4picGM/κ = 1.3 × 1038(M/M)erg/s is the Eddington luminosity which
is the critical value for the luminosity that a heavenly body with mass M can radiate.
So far we have considered the case of non rotating Schwarzschild black hole, In a similar
manner, we can treat the rotating Kerr black hole case and the result is
Lrad =
4picGM
κ
∫ rt
r0
[
1
G2M3
rz
X
(
dV0
dx
){1 + r
2
z2
[G2M2
l2
r4
(
dV0
dX
)−1 − 1]2}dr
= LEdd · Ik(r0, rt) (17)
3. Concluding remarks
3.1. Analysis of the luminosity for accretion disk
The accretion disk luminosity is given by the equation (17). Where the relations amount
X, V0, r determined by the accretion rate M˙ , according to Shakura-Sunyaev model, it is
given by M˙ ' ∆
d
M˙Edd in general, as the disk is very thin (∆ d) the accretion rate is
much smaller than the Eddington accretion rate. In the present work, however, where
we particularly study the thick portion of the disk, it is remarkable that the accretion
rate may reach the Eddingtons critical value. At this point, a cautious comment needs
to be exercised. Any heavenly body with super Eddington luminosity would blow up
and hence is very unstable. However, for the case at hand as the accretion flow is falling
into the central black hole and the disk itself is very soft and flexible, it would sustain
its structure even at the super Eddington luminosity
3.2. The vertical structure of the thick accretion disk
First, we have reproduced the result of the work by Paczynsky-Witta in order to study
the vertical structure of the thin accretion disk in the absence of rotation. The vertical
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structure has been characterize already in their work like below equations (18).
∴ R = (r2 + z20)1/2 =
r0 − rg
1− r0−rg
GM
∫ r
r0
rω2dr
+ rg
∴ z0(r) = {[ r0 − rg
1− r0−rg
GM
∫ r
r0
r−3l2dr
]2 − r2}1/2 (18)
Where l denotes the specific angular momentum, which can be written as r
3/2
r0−1 =
Aβ(r − r0)βfor the numerical analysis. employing the Mathematica, we can plot this
specific angular momentum as follow though where the values for r are the same as in
the work by Paczynsky-Witta
Figure 1. Accretion disk 1(r0 = 3rg)for Schwarzschild black hole[3].
Figure 2. Accretion disk 1(r0 = 2.3rg)for Schwarzschild black hole[3].
Clearly, the plots above essentially are the same as those in the work by
Pazcynsky&Witta. Here rt denotes the transition radius which is the boundary that
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Figure 3. Accretion disk 1(r0 = 2.05rg)for Schwarzschild black hole[3].
separates the thin part from the thick portion l(rt) =
r3/2
r0−1 = Aβ(r − r0)β. Close
inspection reveals that the closer the starting point (r0) is toward the compact object,
the thicker the accretion disk gets and the more the disk spreads out. This trend allows
us to imagine what the accretion disk would look like and eventually to compare with
the theoretical computations.
Obviously, the pseudo Newtonian potential for spinning case is much more complex
than for the non-spinning case. Therefore, in order to investigate the vertical structure
of the thick accretion disk, we adopted the numerical integration.Upon plotting the
thick portion of the spinning black hole case, it becomes manifest that the shape of the
disk gets steeper and particularly for the case r0 = 3, The disk gets thinner but wider.
We conjecture that this can be attributed to the great centrifugal force of the black hole
and neutron star.
Figure 4. Accretion disk 1(r0 = 3rg)for Kerr black hole.
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Figure 5. Accretion disk 1(r0 = 2.3rg)for Kerr black hole.
Figure 6. Accretion disk 1(r0 = 2.05rg)for Kerr black hole.
3.3. Concluding Remarks
In the present work, we have studied shape and luminosity of the thick disk. in addition
to the gravitational attraction toward the gas and dust inflow. In particular, we carefully
investigated the innermost part that puffs up mostly due to the high radiation pressure
that resists the accretion inflow in a different manner from that for the thin part. To
be more concrete, we faith- fully followed the methodology first employed by Paczynski
and Witta or the case of non-rotating black hole, but employing the different pseudo
Newtonian potential first suggested by Mukopadiyay for the spinning Kerr black hole
case. Obviously due to the much more complex spinning structure, we had to rely on
the numerical integration strategy. Lastly, to summarize our results, the structure of
thick portion of the accretion disk for the spinning case turns out to be clearer and
wider than the non-spinning case.
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